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In this work we describe a scheme to perform a continuous over time quantum non demolition (QND) mea-
surement of the number of phonons of a nanoelectromechanical system (NEMS). Our scheme also allows us to
describe the statistics of the number of phonons.
PACS numbers:
I. QUANTUMMECHANICS MEASUREMENT PROBLEM
In general, the measurement of an observable in a given
quantum system disturbs its state, such that the observable
variance is greater in a future measurement [1]. This is ea-
sily illustrated by a simple system, a harmonic oscillator of
mass m and momentum operator p and in a thermal state, as
previously considered by references [2]-[3]. It’s possible to
initially make a precise measurement in the x position, the
canonically conjugate operator to moment p. However, due
to Heisenberg’s uncertainty principle, δp ≥ ~/(2δx), and p
is disturbed. However, in an evolution following this mea-
surement, p induces a variation in x: x˙ = [x, p2/2m]/i~,
resulting in, x(t) = x(0) + p(0)t/m. Therefore, using the
uncertainty relation to calculate the uncertainty in x for future
measurements (δx(t))2 ≥ (δx(0))2 + (~/2mδx(0))2t2, we
conclude that position and momentum are uncorrelated. The
measurement apparatus acted randomly disrupting the obser-
vable being measured.
II. PROTOCOL TOMEASURE GENERAL QND
The Quantum non demotion (QND) measurement is cha-
racterized as one that can be performed without disturbing the
observable state. In a QND measurement, the observable OS
of the system S is inferred by measuring an observableOA of
an auxiliary system A, without disturbing the next evolution
ofOS . After a finite number of successive steps the final state
S remains an eigenstate of OS .
Formally, if we have the total Hamiltonian:
H = HS +HA +HI , (1)
with HS being the system Hamiltonian, HA being the ap-
paratus Hamiltonian, and HI being the Hamiltonian of the
apparatus-system interaction. The QND measurement OS
must satisfy the following properties:
1. ∂HI∂OS 6= 0 and [OA, HI ] 6= 0. This condition is because
we want to measure OS through OA. This implies the
interaction Hamiltonian should be a function of OS and
that OA varies accordingly, to interact with the system.
In fact, this condition must be observed for any type of
measurement, since it simply requires that the pointer
system *CITAR* varies depending on the eigenvectors
of the observable being measured;
2. The operator of the observable OS must commute with
HI . This observable can not be changed during the me-
asurement process;
3. ∂HS
∂OCS
6= 0. This is the main feature of QND measu-
rement: after the interaction of S with A the conju-
gate observable OCS is changed uncontrollably. So that
this increase in variance does not affect the observa-
ble being measured, we have to demand that the Ha-
miltonian of the system does not depend on the conju-
gate observable. So a more restrictive way is to require
[HS , OS ] = 0, because then the observable being mea-
sured is a constant of movement.
III. MODEL
The capacitive coupling between Quantum Bit (Qubit) and
nanoelectromechanical system (NEMS) [6]-[7] is illustrated
in the figure 1. In quantum bit notation, the Hamiltonian of
the Box of Cooper Pairs (??) is written as
Hqb = (E1 − E0)σz − EJ
2
σx, (2)
where σx = |1〉 〈0|+|0〉 〈1|, σz = |0〉 〈0|−|1〉 〈1|, and e is the
eletron charge. En = 2EC(n−ng)2 is the charging energy of
n cooper pairs, withEC = e2/2C∑, C∑ = CN +Ccpb+CJ .
Also, ng = nN +ncpb, where ncpb = CcpbVcpb/2e is the gate
charge, Ccpb is the capacitance and Vcpb the potential diffe-
rence of the Cooper pair box. nN = CNVN/2e, is the gate
charge, CN is the capacitance and VN is the potential diffe-
rence of NEMS. EJ is the capacitive energy of Qubit Joseph-
son junction. Therefore, the necessary charging energy for the
transition of one Cooper pair will be:
En+1 − En = 2EC
[
(n+ 1− ng)2 − (n− ng)2
]
,
for n = 0
E1 − E0 = 2EC(1− 2ng)
= 2EC(1− 2nN − 2ncpb)
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2Assuming small NEMS oscillation amplitude, we get the ex-
pression CN = CN (0) + (∂CN∂x )x, with x being the NEMS’s
flexion axis deformation position. Thus the capacitive interac-
tion between the Qubit and NEMS mode is:
HQ−N = ~gσz(b+ b†), (3)
where, g =
√
~
2mω × [4nN (0)EC(∂CN∂x )]/(~CN ), and ~ is
the Planck constant divided by 2pi.
The Complete Hamiltonian for this model is:
H|0〉,|1〉 = −EJ
2
σx + ~ωb†b+ ~gσz
(
b+ b†
)
. (4)
Figura 1: Schematic Model.
The HamiltonianH|0〉,|1〉 is written in the Cooper pair basis.
However, changing the atomic basis to the new representation,
σz → σx, σx → −σz, (5)
the Hamiltonian terms H|0〉,|1〉 become:
H|−〉,|+〉 =
EJ
2
σz + ~ωb†b+ ~gσx
(
b+ b†
)
(6)
with σx = |+〉 〈−|+ |−〉 〈+| and σz = |−〉 〈−| − |+〉 〈+|.
Making the rotation wave approximation to the Hamilto-
nian (6), we have
H˜ = ~ωb†b+ EJ
2
σz + ~g
(
σ−b† + σ+b
)
, (7)
where, σ+ = |+〉 〈−|, σ− = σ†+, |−〉 is the fundamental
atomic state, |+〉 is the excited atomic state.
For our case, considering a tightly dispersive regime,
we can to expand the Hamiltonian with a Baker-Campbell-
Hausdor as follows,
e−λXH˜eλX = H˜+ λ
[
H˜, X
]
+
λ2
2!
[[
H˜, X
]
, X
]
+ . . .
where λ = g/∆, ∆ = ω − νa, νa = EJ/~ and X = b†σ− +
bσ+ results in the efective Hamiltonian
Heff ≈ ~
[
ω +
g2
∆
σz
]
b†b+
~
2
[
νa +
g2
∆
]
σz. (8)
Now, with the equations of dynamics of the density operator,
ρ˙ =
−i
~
[Heff , ρ] + κD[b] + γD[σ−] + γϕ
2
D[σz]
= Lρ (9)
where D[α] = (2αρα† − α†αρ− ρα†α)/2.
IV. RESULTS
With this we can calcule the correlation
〈σ−(t)σ+(0)〉s = Tr
[
σ−eLt(|+〉 〈−|)
]
, (10)
and finally the Qubit absorption spectrum.
S(ω) =
1
2pi
∫
−
dteiωt 〈σ−(t)σ+(0)〉s . (11)
We used the Qutip [? ] package to obtain numerical results for
the correlation (fig. 2.a), spectrum (fig. 2.b), and its statistic
distribution (fig. 2.c). For our present calculation we used the
Qubit in the excited state, and the NEMS in the vacuum state,
with the number of thermal occupation of its reservoir being
equal to one.
However, in this measurement protocol QND that measu-
res the number of phonos, can to conduce the Qubit Stark fre-
quence displacement in νn = νa + ng2/∆, followed by the
independent measure of Qubit state, once that the number of
phonos is not changed in this process.
V. DISCUSSION
Motivated by a sete of discovery [4]-[5]-[6]-[7]-[8], we ex-
plored an electromechanical interaction in a highly dispersive
regime in promoting for QND measurement scheme. We have
demonstrated that the spectrum of the phonons of NEMS in
the Qubit state resolution, thereby have access to each num-
ber of state and statistics of Bosen-Einsteis this ressoandor.
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Figura 2: (a) Excited states correlation in time function, for χ =
g2/∆ >> κ, γ; (b) Qubit absorption spectrum given resolution
number states of NEMS in termal state; (c) Visualization of the quan-
tum states.
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